The central 'risk factor' for Alzheimer's disease (AD) is age. From first principles, we construct a mathematical model of protein folding and its in vivo regulation that gives this result in a natural manner. We extend the basic approach using topological information theory methods, and examine a case history of socially-induced premature aging in the United States.
Introduction
From the very beginning of protein X-ray studies, Astbury (1935) conjectured that 'normal' globular proteins could also have a linear state. Chiti et al. (1999) suggest that ... [P] rovided appropriate conditions are maintained over prolonged periods of time, the formation of ordered amyloid protofilaments and fibrils could be an intrinsic property of many polypeptide chains, rather than being a phenomenon limited to a very few aberrant sequences. Tycho (2006) likewise argues that the amyloid fibril is a generically stable structural state of a polypetide chain that competes thermodynamically and kinetically with globular monomeric states and unfolded monomeric states. Goldschmidt et al. (2010) find that [Protein segments with high fibrillation propensity] tend to be buried or twisted into unfavorable conformations for forming β sheets... For some proteins a delicate balance between protein folding and misfolding exists that can be tipped by changes in environment, destabilizing mutations, or even protein concentration... In addition to the self-chaperoning effects described above, proteins are also protected from fibrillation during the process of folding by molecular chaperones... [S] elf-complementary segments are found in almost all proteins, yet not all proteins are amyloids. The implication is that chaperoning effects have evolved to constrain self-complementary segments from interacting with each other.
Age is well known to be the principal 'risk factor' for Alzheimer's disease (e.g., CDC, 2011) . In the next sections we present a sequence of increasingly complicated models of protein folding leading to an empirical study of AD at the state level in the USA that, together, emphasize the inherent role of psychosocial stressors in the acceleration of human aging.
A simple 'spontaneous symmetry breaking' argument
The basic mechanism is shown in figure 1 , where an initial sequence of amino acids designated S 0 has two thermodynamically equivalent final states in vivo, S n for a 'normal' globular folding, and S aml for the twisted β-sheet structures of an amyloid fibril. Chaperone and other regulatory apparatus of the endoplasmic reticulum and friends -sophisticated processes of chemical cognition -can determine an 'average distance' D between what has been produced and what should have been produced via the Anfinsen (1973) mechanisms. The regulatory system acts to repair/recycle distorted chemical species that deviate from the condition D = 0. We will argue below that the exact form of D, and the chemical mechanisms used to measure it, may be of little importance, via a powerful 'necessary conditions' asymptotic probability limit theorem, the Rate Distortion Theorem. The exact parallel is the way in which long sums of stochastic variables converge on the Normal distribution via the Central Limit Theorem. Reaction paths for the folding of an amino acid stream S 0 , either to its 'normal' Anfinsen form, S n , with average distortion D = 0, or a twisted β-sheet amyloid fibril having D > 0, by any appropriate measure. The full and dotted lines represent high probability reaction paths leading from S 0 to the final states in a series of identifiable, possibly coarse-grained, intermediates. The filled triangular zone represents the vast majority of possible trajectories, low probability 'nonsense' reactions leading to other topological conformations.
The essential dynamic argument is one of spontaneous symmetry breaking, in the sense of Landau (Landau and Lifshitz, 2007; Pettini, 2007) : Over sufficient time, the regulatory apparatus ages out, becoming progressively less effective. This is equivalent to raising the temperature in a physical system so that increasing numbers of symmetries of a Hamiltonian become accessible.
We then, by analogy, write, for the probability of the distortion measure
where k is a scaling constant, T the time since birth, and D j any measure of average distortion from the Anfinsen configuration of the chemical species j.
For the two-state system of figure 1 we obtain the relation
Figure 2: Dynamics of the probability of amyloid formation as a function of physiological age T for two aging rate parameters, k = 1, k = 2. The essential hypothesis will be that, for humans, k is critically depending on individual exposures to stressors over the life course, in the context of epigenetic effects representing the heritage of stressors affecting parents and grandparents. For an arbitrary fixed value of D aml > 0 and increasing time T , figure 2 shows the dynamics of amyloid formation for the two scaling conditions k = 1, k = 2 that represent different possible rates of physiological aging with time. For human populations, k will be driven by stressors affecting both individual life course trajectory, for example by chronic HPA axis overactivation, and inherited epigenetic records via the life course trajectories of parents and grandparents.
Extending the model: an index theorem approach
In reality, matters are more complicated than we have indicated. The major neurotoxic effects of fibril formation may not lie in the fibrils themselves, but in the reaction intermediates. Figure 3 , adapted from Sandberg et al. (2010) , shows two reaction paths leading to fibril formation, the lower, β-sheet pathway of high molecular weight components, is conjectured to be more toxic than the low molecular weight path. A more subtle picture that can reproduce these results emerges by invoking the asymptotic limit theorems of information theory, in particular the Rate Distortion Theorem. This can be done by envisioning the high probability trajectories in figure 1 as being 'statements' emitted by biological information sources representing the various possible final reaction modes, taking the Anfinsen topology as the central 'zero mode'. That is, we examine coarse-grained sequences of reactions S j = {S 0 , S 1 , ..., S j } under the assumption that the number of high probability paths N (j) follows the relation
where H is a fixed constant independent of path. H will be designated the source uncertainty of the process. Letting P [S j |S 0 , ..., S j−1 ] and P [S 0 , ..., S j be the respective conditional and joint probabilities associated with S j , the essence of the Shannon-MacMillan Theorem of information theory is that, allowing the S k to be the outputs of stochastic processes
where the H[...] and H[..|...] are, respectively, joint and conditional Shannon uncertainties defined from the appropriate probabilities as H = i P i log[P i ] (e.g., Ash, 1990; Cover and Thomas, 2006; , Khinchin, 1957) . This result holds in the absence of error. We now invoke a relation that depends on measures of average distortion, like D above.
Suppose a sequence of signals is generated by a biological information source Y having output y n = y 1 , y 2 , ... -amino acids. This is 'digitized' in terms of the observed behavior of the system with which it communicates, say a sequence of 'observed behaviors' b n = b 1 , b 2 , ... -the folded protein structure. Assume each b n is then deterministically retranslatedthat is, 'decoded' in engineering jargon -back into a reproduction of the original biological signal, b n →ŷ n =ŷ 1 ,ŷ 2 , .... Such decoding can be done by human experimenters, taking Anfinsen's viewpoint that the codon stream characterizes the intended protein form as a message that is distorted by transmission along the DNA → RNA → Protein channel.
Define a distortion measure d(y,ŷ) that compares the original to the retranslated/decoded path. Many distortion measures are possible. The Hamming distortion is defined simply as
For continuous variates the squared error distortion is just d(y,ŷ) = (y −ŷ)
2 . There are many such possibilities. The distortion between paths y n andŷ n is defined as
. A remarkable fact of the Rate Distortion Theorem is that the basic result is independent of the exact distortion measure chosen (Cover and Thomas, 2006; Dembo and Zeitouni, 1998) .
Suppose that with each path y n and b n -path retranslation into the y-language, denotedŷ n , there are associated individual, joint, and conditional probability distributions
It is possible, using the distributions given above, to define the information transmitted from the Y to theŶ process using the Shannon source uncertainty of the strings:
where, again, H(..., ...) is the standard joint, and H(...|...) the conditional, Shannon uncertainties (Cover and Thomas, 2006; Ash, 1990) .
If there is no uncertainty in Y given the retranslationŶ , then no information is lost, and the systems are in perfect synchrony.
In general, of course, this will not be true. The rate distortion function R(D) for a source Y with a distortion measure d(y,ŷ) is defined as
The minimization is over all conditional distributions p(y|ŷ) for which the joint distribution p(y,ŷ) = p(y)p(y|ŷ) satisfies the average distortion constraint (i.e., average distortion ≤ D).
The Rate Distortion Theorem states that R(D) is the minimum necessary rate of information transmission that ensures the communication between the biological vesicles does not exceed average distortion D. Thus R(D) defines a minimum necessary channel capacity. Cover and Thomas (2006) or Dembo and Zeitouni (1998) provide details. The rate distortion function has been calculated for a number of systems.
We reiterate an absolutely central fact characterizing the rate distortion function: Cover and Thomas (2006) show that R(D) is necessarily a decreasing convex function of D for any reasonable definition of distortion.
That is, R(D) is always a reverse J-shaped curve. This will prove crucial for the overall argument. Indeed, convexity is an exceedingly powerful mathematical condition, and permits deep inference (e.g., Rockafellar, 1970) . Ellis (1985, Ch. VI) applies convexity theory to conventional statistical mechanics.
For a Gaussian channel having noise with zero mean and variance σ 2 (Cover and Thomas, 2006) ,
For a Poisson channel with message arrival rate λ -essentially information transmission by an analog to photon counting in which the instantaneous output rate is controlled by the input modulo noise -the rate distortion function is (Bedekar, 2001 )
where D is the average in-order service time of a hypothetical first come first serve queue that would result in the output.
Recall, now, the relation between information source uncertainty and channel capacity (e.g., Ash, 1990) 
where H is the uncertainty of the source X and C the channel capacity, defined according to the relation
where P (X) is chosen so as to maximize the rate of information transmission along a channel Y .
Note that for a parallel set of noninteracting channels, the overall channel capacity is the sum of the individual capacities, providing a powerful 'consensus average' that does not apply in the case of modern molecular coding.
Finally, recall the analogous definition of the rate distortion function above, again an extremum over a probability distribution.
Our own work (e.g., focuses on the homology between information source uncertainty and free energy density. As above, if N (j) is the number of high probability 'meaningful' -that is, grammatical and syntactical -sequences of length j emitted by an information source X, then, according to the Shannon-McMillan Theorem, the zero-error limit of the Rate Distortion Theorem (Ash, 1990; Cover and Thomas, 2006; Khinchin, 1957) ,
In the limit of large j, H[X] becomes homologous to the free energy density of a physical system at the thermodynamic limit of infinite volume. More explicitly, the free energy density of a physical system having volume V and partition function Z(β) derived from the system's Hamiltonian -the energy function -at inverse temperature τ is (e.g., Landau and Lifshitz 2007)
withẐ = Z −1/τ . The latter expression is formally similar to the first part of equation (4), a circumstance having deep implications: Feynman (2000) describes in great detail how information and free energy have an inherent duality. Feynman, in fact, defines information precisely as the free energy needed to erase a message. The argument is surprisingly direct (e.g., Bennett, 1988) , and for very simple systems it is easy to design a small (idealized) machine that turns the information within a message directly into usable work -free energy. Information is a form of free energy and the construction and transmission of information within living things consumes metabolic free energy, with nearly inevitable losses via the second law of thermodynamics. If there are limits on available metabolic free energy there will necessarily be limits on the ability of living things to process information.
By the channel capacity arguments, the rate distortion function, R(D), is itself a free energy measure, as it represents the minimum channel capacity needed to assure average distortion equal to or less than D. Let us now consider the principal branch in figure 1 , the set of paths from S 0 to S n , representing normal protein folding, taken as a communication channel having a given rate distortion function. The free energy arguments suggest that there will be an empirical Onsager relation in the gradient of the rate distortion disorder, an entropy-analog,
such that, over a life-history timeline,
for some appropriate function g.
For Gaussian and Poisson channels
respectively. The simplest possible Onsager relations become
with the explicit solutions
For the Gaussian channel on an appropriate timescalenecessarily many orders of magnitude longer than the time of folding itself -the average distortion, representing the degree of misfolding, grows as a diffusion process in time. This is the simplest possible aging model, in which µ represents the accumulated impacts of epigenetic and broadly environmental effects including toxic exposures, nutrition, the richness of social interaction, and so on, over a lifetime. The Poisson channel the average distortion -a delay measure -grows at a rate √ 2 times greater than for a simple diffusion model. The more complicated model of equation (2) emerges most directly by simply assuming that equation (12) is a polynomial of order two in D, with roots D = 0, D aml at equilibrium:
The 'spontaneous symmetry breaking' probability argument then follows directly.
As a next approximation, we permit a number of possible quasi-stable states and take the empirical Rate Distortion Onsager equation of in vivo regulated protein folding to be a polynomial of order n > 0 in the average distortion D:
having m ≤ n roots, some of which may be degenerate, or nearly so. Importantly, it is precisely the possibility of such degeneracy that produces the result of figure 3, so that equation (15) becomes
One nonzero root leads to toxic intermediates, the other does not. Two further extensions of theory are possible at this point. The first is to treat the denominator in equation (1) as an effective partition function, leading to a free energy-like Morse Function F (Pettini, 2007; Matsumoto, 2002) :
where D j is the j-th root of the polynomial G n [D], some of which may be degenerate. If n is large, including the possibility of many reaction pathways to the amyloid fiber end-point, then Landau's spontaneous symmetry breaking arguments are not merely metaphor, but will describe punctuated transitions in protein folding symmetry and intermediate state neurotoxicity with increasing age, not merely continuous probability shifts.
A second model extension is to assign equation (16) as the characteristic polynomial of a topological operator T that transforms the unfolded amino acid configuration S 0 to a number of possible folded states, in the context of the elaborate processes of chemical cognition that are supposed to regulate protein folding. For example, amyloid fibrils, as twisted β-sheets, can in theory, have as many as eight symmetry classes, five of which have been observed (Sawaya et al., 2007) . Allowing for high orders of multiple degeneracies in reaction paths may even permit a Hilbert space approximation. In any event, there will apparently be many-to-one mappings, according to the arguments leading to figure 3 . This is an example of an index theorem that relates the solution of an analytic equation to underlying topological structure (e.g., Hazewinkel, 2002; Atiyah and Singer, 1963) . Other examples include use of Heawood's formula in a rate distortion/Morse Theory attack on the genetic code (Tlusty, 2007) , and a similar exploration of the 'protein folding code' (Wallace, 2011).
Alzheimer's in America: a pilot study
Our hypothesis is that the aging rate constant, k in equation (2), is best measured by trajectories of psychosocial stress, in the context of family history determining epigenetic inheritance. Two obvious national indices of socially mediated psychosocial stress likely to affect aging rates are percent unemployed in a positive, and the percent of the workforce in a union in a negative, direction, and we construct an elemen- The model works, and in the expected direction: union participation indexes a decrease, and unemployment an increase, of Alzheimer's mortality incidence in the young elderly, consistent with a theoretical model for which locus-of-control affects HPA axis activity and the de-facto rate of aging.
It is possible to parse these results further: The Southern US states form the core of the so-called 'right-to-work' (RTW) laws that forbid requiring a worker to join a union even if he or she is employed in a work force that has union representation. RTW laws indicate and instantiate a culture of individualism and of active anti-collectivism. Other differences between the RTW and non-RTW states include economic history with the former relatively recently industrialized and historically agricultural. Indeed, the plains and Southwestern RTW states showed the fastest rate of increase in manufacturing jobs in the 1990's, but very low numbers of such jobs per unit population. Typically, indicators of social and political engagement such as voting participation and percent employed belonging to a union showed large differences between the two groups of states. Together, they likely indicate the strength of social and political support and control within the two groups of states.
We first examine annual average rates of Alzheimer's deaths per 100,000 over the years 1999-2006 for three age cohorts: 65-74, 75-84, and 85+ across the two sets of states, and compare them using a standard t-test. The rates, as expected, increase sharply with cohort age, but are markedly lower at all ages in the non-RTW states, and statistically significantly so in the younger.
The regression model above can be applied to all three cohorts and for the US, RTW, and non-RTW states. The percent of adjusted variance accounted for by the models, R 2 , and the maximum significance P of the regressions, is as follows: Although the RTW regressions are not significant, the others are highly so, and the raw numbers all show a peak in the middle cohort. Figure 4 displays these results as a signal-to-noise ratio vs. signal amplitude graph. Age is taken as a de-facto toxic exposure that degrades protein folding regulation, and the regression adjusted R 2 as the SN measure for the model.
Two essential points are the failure of the model for the RTW states and the relative shift of the non-RTW toward the older cohort relative to the full US model. The inference is that collective efficacy -indexed by union membership and effectiveness -appears to lower an HPA axis-induced premature aging that expresses itself in Alzheimer's mortality in the young elderly, in accordance with theory. Underlying cultural context appears to profoundly affect both the rate of 'effective 2 as signal-to-noise ratio vs. age cohort as toxic exposure for a model based on percent unemployed and percent of workforce unionized. The SNR follows a unimodal 'inverted U' pattern analogous to signal transduction, with the non-RTW states shifted to higher ages. This is consistent with a biosemiotics perspective in which the degree of physiological meaning of the population-level response to the driving variates is changed by the underlying cultural milieu.
aging' and the population response to patterns of affordance and stress.
Discussion and conclusions
Further theoretical and empirical work in this direction should be done using data at the US county level of analysis -encompassing some 3,800 distinct geographic entities -to increase the analytic power, illuminate mechanisms at, and across, different scales, and explore how policy affects linkages across scales.
A possible inference of these results is that Stern's (2009) idea of cognitive reserve may extend to the embedding of the individual in community. That is, in the sense of Wallace and Fullilove (2008) , the 'natural' human state includes a powerful measure of distributed cognition that can, in a likely synergistic manner, buffer both cognitive decline and the rate of physiological aging. A mathematical description of this interaction would greatly enrich the individual-oriented theoretical perspectives we have developed here. One compelling implication of our present study, however, would appear to be that the RTW states in particular, and the US in general, following the arguments of Heine (2001) and Henrich et al. (2010) , embody a pathologically individualistic culture that is contrary to evolved human norms, a disjunction expressing itself in premature aging.
